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Optical activity in an isotropic gas of electrons with a preferred helicity

D. B. Melrose and J. I. Weise
School of Physics, University of Sydney, New South Wales 2006, Australia

~Received 10 March 2003; published 22 October 2003!

An isotropic gas of electrons with a preferred spin helicity is shown to be optically active. Simultaneous
eigenfunctions of the Dirac Hamiltonian and the helicity operator are constructed and used to derive explicit
expressions for vertex functions for helicity states. The~covariant! response tensor is calculated for an electron
gas described in terms of a spin-dependent occupation number. The possibility of detecting optical activity in
an electron gas is discussed briefly.
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I. INTRODUCTION

The response~to an electromagnetic disturbance! of an
isotropic classical electron gas can be decomposed into
gitudinal and transverse parts, and these determine the
persive properties of longitudinal and transverse wa
modes, respectively. The most general response for an
tropic medium includes a third ‘‘rotatory’’ component@1#,
which is nonzero for optically active media, such as a so
tion of dextrose. The rotatory component removes the deg
eracy in the two transverse modes, such that two oppos
circularly polarized modes have different refractive indic
Optical activity requires that the system have a prefer
handedness. It has been pointed out that a rotatory com
nent exists in a theory based on a Lagrangian withP- and
CP-odd terms@2#, where the asymmetry in the preferre
handedness is intrinsic. Here we point out that a rotat
component exists in a simpler system: Electrons produce
decay of neutrons have a preferred spin helicity, and hen
preferred handedness. In this paper we calculate the resp
tensor for a helicity-dependent isotropic electron gas
show that it exhibits optical activity.

The derivation of the response tensor given here is int
sically relativistic, and this is important even for what mig
otherwise be regarded as nonrelativistic electrons. The
son is that a physically relevant spin operator must comm
with the Hamiltonian, and a nonrelativistic treatment usi
the Schro¨dinger-Pauli equation achieves this artificially b
neglecting spin-orbit coupling. For electrons in motion it
necessary to choose a spin operator that commutes with
Dirac Hamiltonian, and a helicity operator exists that sa
fies this criterion@3,4#. The electron states used in the de
vation here are simultaneous eigenfunctions of the D
Hamiltonian and this helicity operator.

A conventional QED derivation of the response tensor
a relativistic quantum electron gas is analogous to the ca
lation for the vacuum polarization, with the electron prop
gator in vacuoreplaced by the statistically averaged prop
gator in the electron gas@5#. This average involves the
occupation numbersne(p), for electrons (e511) and pos-
itrons (e521). This formalism involves taking a trace ove
a product of Dirac matrices, and it applies only to unpol
ized electrons, in the sense thatne(p) is to be interpreted as
n̄e(p)5 1

2 @n1
e (p)1n2

e (p)#, where ns
e(p) is the occupation
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number for the spin states561. The spin dependence i
included here by writing the general expression for the
sponse tensor in terms of spin-dependent vertex functio
analogous to those used to treat QED processes in a ma
tized plasma@6,7#.

In Sec. II a covariant form for the linear response tenso
decomposed into longitudinal, transverse, and rotatory pa
The response tensor for an arbitrary, spin-dependent elec
gas is then written down and is separated into non-sp
dependent and spin-dependent parts. In Sec. III the hel
eigenstates are written down, the vertex function is evalua
for the helicity states, and the spin-dependent part of
response tensor is evaluated explicitly and shown to be of
rotatory form identified in Sec. II. In Sec. IV the possibilit
of detecting optical activity in an electron gas is discuss
Natural units, with\5c51 are used, except where state
otherwise.

II. RESPONSE TENSOR FOR AN UNMAGNETIZED
ELECTRON GAS

A covariant form for the linear response tensorPmn(k)
relates the induced 4-currentJm5Pmn(k)An(k) to the
4-potential of the disturbance,A(k), where k is the wave
4-vector. Charge continuity and gauge invariance require

kmPmn~k!50, knPmn~k!50, ~1!

respectively.

A. Separation into longitudinal, transverse, and rotatory parts

For an isotropic medium, withU being the 4-velocity of
the rest frame of the medium, the most general form of
response tensor e.g., Ref.@2# is

Pmn~k!5PL~k!Lmn~k,U !1PT~k!Tmn~k,U !

1PR~k!Rmn~k,U !, ~2!

wherePL(k), PT(k), andPR(k) are invariants that describ
the longitudinal, transverse, and rotatory responses, res
tively. The longitudinal tensor can be expressed as the o
product of a longitudinal 4-vector,L(k,U), with itself. One
requireskL(k,U)50 to ensure that Eq.~1! is satisfied. A
specific choice is
©2003 The American Physical Society04-1
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Lmn~k,U !52Lm~k,U !Ln~k,U !,

Lm~k,U !5
kU km2k2Um

kU @~kU!22k2#1/2
, ~3!

which corresponds to a normalization such that in the
frame, U5@1,0#, one has L(k,U)5@ uku/v,k/uku#. The
transverse tensor

Tmn~k,U !5
~kU!2

k2 Lm~k,U !Ln~k,U !1gmn2
kmkn

k2 , ~4!

wheregmn is the metric tensor~signature21), is normalized
such that in the rest frame it corresponds to the unit tra
verse second rank tensor. The rotatory tensor is defined

Rmn~k,u!5 i emnrsLr~k!Us , ~5!

where the completely asymmetric tensoremnrs has e0123

51. One has

PL~k!5
~kU!4

k4 Lsn~k,U !Psn~k!,

PT~k!5
1

2
Tsn~k,U !Psn~k!,

PR~k!52
1

2
Rsn~k,U !Psn~k!. ~6!

B. Response tensor for an arbitrary electron gas

A derivation using QED@8# leads to the following genera
expression for the response tensor:

Pmn~k!52e2 (
e,s,e8,s8

E d3p

~2p!3E d3p8

~2p!3
~2p!3

3d3~e8p82ep1k!
ens

e~p!2e8ns8
e8~p8!

v2e«1e8«81 i0

3@Gs8s
e8e

~p8,p,k!#m@Gs8s
e8e

~p8,p,k!#* n, ~7!

with «5(m21p2)1/2, «85(m21p82)1/2. The electron gas is
described as a statistical distribution of electrons (e51) and
positrons (e52) having occupation numbersns

e(p), with
s561 being the spin eigenvalue. The vertex functions
Eq. ~7! are defined as

@Gs8s
e8e

~p8,p,k!#m5
ūs8

e8~e8p8!gmus
e~ep!

A2«8A2«
, ~8!

wheregm are the Dirac matrices andus
e(ep) are the electron

eigenfunctions.
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C. Separation into spin-independent and spin-dependent parts

A separation into spin-independent and spin-depend
parts involves separating the occupation number into s
averaged and spin-specific terms, by writing

ne~p!5
1

2
@n1

e ~p!1n2
e ~p!#,

Dne~p!5
1

2
@n1

e ~p!2n2
e ~p!#, ~9!

so that one has

(
s8s

ns
e~p!@Gs8s

e8e
~p8,p,k!#m@Gs8s

e8e
~p8,p,k!#* n

5ne~p!@āe8e~p8,p,k!#1Dne~p!@Dae8e~p8,p,k!#,

(
s8s

ns8
e8~p8!@Gs8s

e8e
~p8,p,k!#m@Gs8s

e8e
~p8,p,k!#* n

5ne8~p8!@āe8e~p8,p,k!#1Dne8~p8!

3@D8ae8e~p8,p,k!#, ~10!

in Eq. ~7!, with

@āe8e~p8,p,k!#mn5(
s,s8

@Gs8s
e8e

~p8,p,k!#m@Gs8s
e8e

~p8,p,k!#* n,

@Daq8q
e8e

~p8,p,k!#mn5(
s,s8

s@Gs8s
e8e

~p8,p,k!#m

3@Gs8s
e8e

~p8,p,k!#* n,

@D8aq8q
e8e

~p8,p,k!#mn5(
s,s8

s8@Gs8s
e8e

~p8,p,k!#m

3@Gs8s
e8e

~p8,p,k!#* n. ~11!

The linear response tensor in Eq.~7! then separates into
spin-independent partP in

mn and a spin-dependent partPsd
mn ,

with Pmn(k)5P in
mn(k)1Psd

mn(k). For the spin-independen
part, the sum over spins may be carried out by stand
techniques without introducing any spin operator. One ha

(
s,s8

@āe8e~p8,p,k!#mn5
Fmn~e p̃,e8p̃8!

ee8««8
, ~12!

Fmn~P,P8!5
1

4
Tr @gm~P” 1m!gn~P” 81m!#

5PmP8n1P8mPn1gmn~m22PP8!, ~13!

p̃5@«,p#, p̃85@«8,p8#. The resulting spin-independent pa
of the response tensor can be rewritten in a variety of kno
forms for an unpolarized electron gas. A form that follow
directly from Eq.~12! is
4-2
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P in
mn~k!52e2E d3p

~2p!3 (e

ne~p!

« FFmn~ep,ep2k!

k222epk

1
Fmn~ep1k,ep!

k212epk
G . ~14!

Apart from minor differences in notation, form~14! is that
written down by Ref.@9#. The spin-dependent part of th
response tensor is

Psd
mn~k!52e2(

e,e8
E d3p

~2p!3

eDne~p!

v2e«1e8«81 i0

3@Dae8e~p8,p,k!#mn1e2(
e,e8

E d3p8

~2p!3

3
e8Dne8~p8!

v2e«1e8«81 i0
@D8ae8e~p8,p,k!#mn.

~15!

The functions@Dae8e#mn, and@D8ae8e#mn depend explicitly
on the choice of spin operator.
s

04640
III. RESPONSE OF A HELICITY-DEPENDENT
ELECTRON GAS

The tensors@āe8e#mn, @Dae8e#mn, and@D8ae8e#mn, intro-
duced in Eq.~11!, are evaluated here in the case where
spin operator is identified as the helicity.

A. Helicity eigenstates

An acceptable spin operator must commute with the Di
Hamiltonian@3,4,10#, and the helicity operators•p̂, satisfies
this criterion. The coordinate representation impliesp̂
52 i ]/]x, and s denotes the Pauli matrices in the 434
Dirac spin space. Assuming a plane wave solution}exp
@2ie(«t2p•x)#, and the 3-momentum in cylindrical pola
coordinates,p5(p'cosf,p'sinf,pz), the eigenvalues of the
helicity operator aresp with s56 and p5upu5(pz

2

1p'
2 )1/2. A specific choice of eigenstates, for a convenie

choice of phase, is

us
e~ep!5

1

A2p S A«1emAp1espz e2 if/2

seA«1emAp2espz eif/2

seA«2emAp1espz e2 if/2

A«2emAp2espz eif/2

D . ~16!

The vertex function~8! for the helicity eigenstates become
@Gs8s
e8e

~p8,p!#m5
1

4~p8«8p«!1/2S @a18 a11Sa28 a2# @b18 b1e2 i (f2f8)/21Sb28 b2 ei (f2f8)/2#

@a18 a21Sa28 a1#@b18 b2ei (f1f8)/21Sb28 b1 e2 i (f1f8)/2#

2 i @a18 a21Sa28 a1# @b18 b2ei (f1f8)/22Sb28 b1e2 i (f1f8)/2#

se@a18 a21Sa28 a1# @b18 b1 e2 i (f2f8)/22Sb28 b2 ei (f2f8)/2#

D , ~17!
t
is

in

nt
-

a
q.
a65~«6em!1/2, b65~p6espz!
1/2, S5e8s8es,

~18!

and similarlya68 5(«86e8m)1/2 andb68 5(p86e8s8pz8)
1/2.

B. The response tensor for the helicity eigenstates

The nonzero components of@Dae8e#mn and @D8ae8e#mn,
cf. Eq. ~11!, give the helicity-dependent part of the respon
tensor:

Psd
mn~k!52 ie2k2(

e
E d3p

~2p!3

Dne~p!

~pk!22~k2/2!2
bmn~k,p!,

b015
kzpy2kypz

upu
, b025

kxpz2kzpx

upu
, b035

kypx2kxpy

upu
,

b125
v«pz2kzupu2

upu«
, b135

kyupu22v«py

upu«
,

e

b235
v«px2kxupu2

upu«
, ~19!

with pk5v«2p•k, k25v22uku2.

C. Isotropic distribution

It follows directly from Eq.~19! that the spin-dependen
contribution of an isotropic helicity-dependent electron gas
rotatory. To see this, choosek along thez axis (kx50, ky
50, kz5uku) in the rest frame of the electron gas. Then
the denominator of the integrand in Eq.~19! one hasp•k
5pzuku, so that the integrals over terms proportional topx or
py in bmn give zero. The only nonzero term in Eq.~19! is
thenb1252b21. By inspection, the only nonzero compone
of Rmn for k along thez axis in the rest frame is the 12
component, completing the proof.

The invariantsPL, PT, andPR can each be reduced to
single integral by performing the angular integrals in E
~19!. Various forms forPL andPT are known, andPR can
4-3
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be written in a corresponding variety of forms. One form

PR~k!52
e2

~2p!2E
0

`

dp
Dn̄~p!

«uku2 H @v«~v«2k2/2!2p2uku2#

3 lnFv«2k2/21puku

v«2k2/22puku
G2@v«~v«1k2/2!2p2uku2#

3 lnFv«1k2/21puku

v«1k2/22puku
G J , ~20!

with Dn̄(p)5Dn11Dn2.

D. Thermal „Jüttner… distribution

A nondegenerate relativistic thermal electron gas is
scribed by the Ju¨ttner distribution

n̄~p!5
p2nre2rg

K2~r!m3
, ~21!

wheren is the number density,r5m/T is the inverse tem-
perature in units of the rest energy of the particle,g5(1
2v2)21/2 is the Lorentz factor andK2(r) is a Macdonald
~modified Bessel! function. In the nonquantum limit,PL and
PT for a Jüttner distribution may be written in terms of th
relativistic plasma dispersion function@11#

T~z,r!5E
21

1

dv
e2rg

v2z
~22!

and its derivative with respect toz5v/uku. The general
quantum expressions for the longitudinal and transverse p
may also be written in terms ofT(z,r) @12#. However, the
rotatory part is an odd function ofv5p/gm and hence it
cannot be expressed in terms ofT(z,r) which relies on the
response being an even function. By introducing a class
functions

Vn~z,r!5E
0

1

dv gn e2rg lnS z2v
z D , ~23!

T(z,r) and functions derived from it may be expressed
terms of even combinationsVn(z,r)1Vn(2z,r), whereas
here odd combinations appear. Specifically,PR(k) may be
written in the form

PR~k!5
vp

2

m0
D

r

4K2~r!

v

m
~12z2!

3H 2

zr
e2r1V3~z,r!2V3~2z,r!J , ~24!

whereD5Dn̄(p)/n̄(p) is the fractional excess of electron
with positive helicity.
04640
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E. Nonrelativistic limit

The difference in the refractive indices between the l
and right hand polarized modes is determined byPR/PT.
Consider a nonrelativistic thermal distribution of electrons
a temperatureT5mVe

2 . Assuming phase speeds muc
greater than the thermal speed,z@Ve , one has, in ordinary
units,

PT~k!52
vp

2

m0
, PR~k!5D

vp
2

m0

v22uku2c2

uku2c2

3\ukuVe

~2p!1/2mc2
.

~25!

The refractive indices for the two modes, labeled6, are

n6
2 512

vp
2

v2F16D
vp

2

v2

3\v

~2p!1/2mc2

Ve

c G , ~26!

where the term proportional toD is assumed small in making
the approximationv22uku2c25vp

2 to lowest order inD.

IV. DISCUSSION AND CONCLUSIONS

The optical activity associated with a gas of electro
with a specific helicity is an intrinsically quantum mechan
cal effect, and hence is intrinsically small. In principle, th
effect is observable in terms of the rotation of the plane
polarization as radiation propagates through the electron
Significant rotation requires propagation over a lengthL that
satisfiesun12n2uLv/c*1. Using Eq.~26!, this condition
requires\vp

4VeL/v2mc4*1. In order of magnitude, this re
quires (vp

2/v2)(Ve /c)(nL/1027 m22)*1, where n is the
number density per cubic meter andL is in meters. A dense
plasma, a long path length, and a frequency not too m
greater than the plasma frequency are needed for the effe
be readily observable, and these are very difficult conditio
to satisfy. A severe constraint is that in a dense plasma,
lisions depolarize the electrons on a collisional time sca
seemingly precluding observation of the effect in the labo
tory.

Another complication is that in the presence of even
very weak magnetic field, the Faraday effect can swamp
effect of the optical activity. The difference in refractive in
dices due to the Faraday effectun12n2u is of order
vp

2vB /v3, wherevB5eB/m is the cyclotron frequency. The
ratio of the cyclotron frequency to the plasma frequen
needs to satisfyvB /vp&(\vp /mc2)(Ve /c) for the Faraday
effect to be smaller than the effect of optical activity, and th
is an extremely difficult condition to satisfy. In principle, on
can separate the Faraday effect and optical activity by
flecting the radiation after it has passed through the elec
gas once, so that it retraces its ray path back to its sou
The rotations of the plane of polarization along the direct a
reflected ray paths has opposite signs for the Faraday e
and the same sign for optical activity. Hence, the Fara
effect can be made to cancel while doubling the effect
optical activity. This suggests that the optical activity cou
be separated from the Faraday effect in an arrangemen
4-4
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volving multiple reflections so that the ray traverses the sa
ray path many times. Nevertheless, the Faraday effect
vides another severe restriction on the possibility of obse
ing the optical activity.
s
e,
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We conclude that although an electron gas favoring e
trons with a specific spin helicity exhibits optical activity i
principle, it does not seem feasible to detect this effect us
familiar techniques.
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